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EXPLICIT PARALLEL RESOLVENT METHODS FOR SYSTEM OF
GENERAL VARIATIONAL INCLUSIONS

Z.Y. HUANG!, M.A. NOOR?

ABSTRACT. In this paper, we introduce and consider a new system of extended general vari-
ational inclusions involving eight different operators. Using the resolvent operator techniques,
we show that the new system of extended general variational inclusions is equivalent to the
fixed point problem. We prove the strong convergence of some new explicit iterative parallel
algorithms using resolvent methods under certain conditions. Our results improve and extend
the recent results by Noor and Noor [11].
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1. INTRODUCTION

Inspired and motivated by current research in this area, we introduce and consider a new sys-
tem of extended general variational inclusions involving eight different nonlinear operators. This
class of system includes the system of general variational inclusions involving seven operators
introduced by Noor and Noor [11]. Using the resolvent technique, we have shown that the new
system of extended general variational inclusions are equivalent to fixed point problems. This
alternative equivalent formulation is used to suggest and analyze some new explicit iterative
algorithms for solving this system of variational inclusions. We would like to emphasize that
these explicit iterative algorithms are distinctly different from the known methods of Noor and
Noor [11] and Noor et al. [13,14]. We suggest and analyze some new explicit iterative parallel
algorithms for solving this system. We also prove the strong convergence of the proposed itera-
tion algorithms under suitable conditions. Our results represent a refinement and improvement
of the recent results of Noor and Noor [11]. The interested readers are encouraged to find new,
novel and innovative applications of variational inequalities and optimization problem in pure
and applied sciences. The numerical implementation of the new proposed methods in this paper
is another direction for further research.

Let K be a nonempty closed and convex set in a real Hilbert space H, whose inner product and
norm are denoted by (-,-) and ||.|| respectively. Let T3, T», A, B, g1, g, h, h : H — H be eight
nonlinear operators.
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We consider the problem of finding z*, y* € H such that

{ 0 € pTh(y*) + pA(g1(2*)) — 9(¥*) + g1 (z*), p >0, 1)

0 € nTa(z*) +nB(h1(y")) + hi(y”) — h(z*), n>0,

which is called the system of general variational inclusions involving eight different operators.
Let us discuss some special cases of the system of general variational inclusions (1).
(i) If B = A, then (1) is equivalent to finding z*,y* € H such that

{ 0 € pTi(y*) + pA(g1(z*)) — g(y*) + g1(z*), p >0,
0 € nTa(x*) +nA(h1(y*)) + hi(y*) — h(z*), 1 >0,

which is called the system of general variational inclusions involving seven different operators
studied by Noor and Noor [11].

(i) If A() = 0¢1(+), B(:) = O¢a(-), the subdifferential of proper, convex and lower-semicontinuous
functions, then (1) is equivalent to finding =*,y* € H such that Vz € H,

{ pTi(y") + 91(z") — g(y"), 9(x) — g1(z") = pr(g1(27)) — pe1(g(x)), p >0,

T (z") + ha(y*) — h(z™), h(z) — ha(y*) = nd2(ha(y*)) — ne2(h(z)), 1> 0,
which is called the system of mixed general variational inequalities involving different operators
introduced by Noor [8-10].

(iii) If ¢ is an indicator function of a closed and convex set K in H,and g1 = g=h1 =h =1,
then (2) is equivalent to finding z*,y* € H such that

(pT1(y*, %) + a* —y*,x —2*) >0, for all 2 € H and for p >0,
MTe(x*,y*) +y* —a*,x —y*) >0, for allz € H and for n >0,
which is called the system of nonlinear variational inequalities involving two different nonlinear
operators studied by Huang and Noor [4].
This shows that the system of extended general variational inclusions involving eight different
operators (1) is more general and includes several classes of variational inclusions or variational

inequalities as special cases. For the applications, formulation, numerical methods and other
aspects of variational inequalities, see [1-18].

Definition 1.1. Let p > 0 be a constant. A mapping T : H — H is called p-Lipschitizian iff
for all x,y € H one has
[Tz =Tyl < pllz —yll.
Definition 1.2. Letr > 0 be a constant. A mapping T : H — H 1is called r-strongly monotonic
iff for all x,y € H, one has
(Tx — Ty, x —y) > r||lz —y[|*.

Definition 1.3. Let v > 0, r > 0 be constants. A mapping T : H — H s called relaxed
(v, 7)-cocoercive iff for all x,y € H, one has

(Tw = Ty,x —y) > —y||Tx = Ty||* + rllz — y|*

Clearly a r-strongly monotonic mapping is a relaxed (v, r)-cocoercive mapping, but the con-
verse is not true.
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2. FIXED POINT ITERATION ALGORITHMS

We need the following well known concepts and results.

Definition 2.1. [1] If A is a mazimal monotone operator on H, then for any constant p > 0,
the resolvent operator associated with A is defined by

Ja(u) = (I +pA)~Y(u), forallue H, (3)

where [ is the identity operator. It is well known that a monotone operator is maximal if and
only if its resolvent operator is defined everywhere. In addition, the resolvent operator is a
single-valued and nonexpansive, that is, for all u,v € H,

174 (u) = Ja(@)|| < [lu — vl

Now we are in position to prove that any solution of systems of extended general variational
inclusion (1) is exactly a solution of some fixed point problems.

Lemma 2.1. If the operators A, B are mazimal monotone, then (x*,y*) € H is a solution of
(1), if and only if, (x*,y*) € H is a solution of the following fixed point problem:

{ g1(z*) = Jalg(y*) — pT1(y")],
hi(y*) = Jpl[h(x*) — nTa(z*)].

Proof. (z*,y*) € H is a solution of (1),

— { 9(y") = PTL() € (I + pA) (1 (")),
Pa") = nTa(a) € (I +nB)(In(y")),

(4)

The desired result. ]

Lemma 2.1 is used to suggest a new explicit fixed point iteration algorithm for solving the
system of extended general variational inclusions (1) since we can rewrite (4) in the following
form.

{ 2% = (1 — an)a* + an(@* — g1(2*)) + andalg(y*) — pT1(y")],
v = (y* — hi(y")) + Jplh(a®) — nTa(z*)],

where ay, € (0,1] for all n > 0 satisfies some certain conditions.
This equivalent formulation enables us to suggest the following explicit fixed point algorithm
for solving (1), which is called parallel algorithm.

Algorithm 2.1. For arbitrarily chosen initial points xo,yo € K, compute the sequences {xy}
and {yn} by

Ln+1 = (1 - an)xn + O‘n(‘rn - gl(-rn)) + anJA[g(yn) - pTl (yn)]>
Yn+1 = (yn - hl (yn)) + ‘]B[h(xn) - 77T2($n)]a

where oy, € (0,1] for all n > 0 satisfies some certain conditions.

For g1 = g and h; = h, then Algorithm 2.1 reduces to the following algorithm for (1).
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Algorithm 2.2. For arbitrarily chosen initial points xo,yo € K, compute the sequences {xy}
and {yn} by

Tn1 = (1 — an)zn + an(zn — 9(20)) + andalg(yn) — pT1(yn)],

Ynt1 = (Yn = h(yn)) + JB[M(xn) — nTa(2n)];

where ay, € (0,1] for all n > 0 satisfies some certain conditions.

For g1 = g, hy = h, and A = B, then Algorithm 2.1 reduces to the following algorithm for
(1).
Algorithm 2.3. For arbitrarily chosen initial points xo,yo € K, compute the sequences {xy}
and {yn} by
Tn1 = (1 = an)zy + an(@n — 9(20)) + andalg(yn) — pT1(yn)],
Yn+1 = Yn — M(yn) + Ja[h(zn) — nTo(zn)],
where ay, € (0,1] for all n > 0 satisfies some certain conditions.

For g1 = g, h1 = h, and «,, = 1 for all n > 0, then Algorithm 2.1 reduces to the following
algorithm for (1).

Algorithm 2.4. For arbitrarily chosen initial points xo,yo € K, compute the sequences {xy}
and {yn} by

Tpy1 = xn — g(2n) + Jalg(yn) — pT1(yn)],

Ynt1 = Yn — h(yn) + JB[M(2n) — nT2(zn)]-

Let us recall the Algorithms studied by Noor and Noor [11] for the special case as A = B.
Algorithm 2.5. [11, Algorithm 3.1] For arbitrarily chosen initial points xo,yo € K, compute
the sequences {x,} and {y,} by

Tn1 = (1 = an)on + on(@n1 — 91(@n41)) + andalg(yn) — pT1(yn)], (5)
Ynt1 = Ynt1 = h(yni1) + Jalhi(@ni1) — nTo(2n 1)), (6)

where ay, € (0,1] for all n > 0 satisfies some certain conditions.
For g1 = g and hy = h, then Algorithm 2.5 reduces to the following algorithm.

Algorithm 2.6. [11, Algorithm 3.2] For arbitrarily chosen initial points xo,yo € K, compute
the sequences {zy} and {y,} by

Tpp1 = (1 — an)xn + an(Tpy1 — 9(Tny1)) + andalg(yn) — pT1(yn)],s
Yn+1 = Yn+1 — h(yn-i-l) +Ja [h('rn-i-l) - 77T2 ($n+1)];

where ay, € (0,1] for all n > 0 satisfies some certain conditions.

Remark 2.1. We would like to emphasize that Algorithms of [11] are actually implicit fized
point iteration algorithms, since at each iteration step, we need to solve nonlinear equations to
find the values of xp 1 and yn11. For example, assume that x,, and y, are given in Algorithm
2.5, in order to get the new iterative points, we have to solve the nonlinear equations (5) and
(6) for the values of xny1 and yn+1. That is, we need to solve x,y1 and yn41 in sequence
at every iterative step. This is a real hard work if g or h is not invertible, even much more
difficult than the original problem (1). Moreover, our Algorithms are much easier in implement
of computation than Algorithms in [11] and our computational workload is less than those of [11].
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From the above discussion, it is clear that Algorithm 2.1 is quite general and includes several
new and previously known algorithms for solving systems of general variational inclusions (1).

Remark 2.2. We now consider some numerical comparisons. From (5), we have
It is easy to rewrite (5) into

(1 - an)xn-i-l = (1 - an)xn — Ongl (xn-i-l) + anJA[g(yn) — T (yn)]’

which can be written as follows if o, € (0,1),
Qp
1-a

(I+ an

ngl)(xn+1) =xp + Jalg(yn) — pT1(yn)], (7)

1—a,

where I is the identity matriz in R". In (7), if (I + 122-g1) 1s not invertible, then xn41 can not
be calculated easily. Even if (I+ 15“3” g1) is invertible, we have to find the inverse of (I+ 13271 g1),
which is itself difficult problem. In the mean time, (6) can be written as

h(yn+1) = Jalh1(@ni1) — nT2(Tn41)]- (8)

In (8), if h is not invertible, then y,+1 can not be solved easily. Even if h is invertible, we have
to find the inverse of h. To have some numerical comparisons, let us consider the simplest case.
Let h be invertible, then from (8). Then

Ynt1 = b7 (Jalh1(@ng1) — nTo(Tn41)]).

It is easy to learn from [14] that the computational workload of computing the inverse of h is

O(N?), while the computational workload of our explicit algorithms in Algorithm 2.1-2.4 is
O(N) in the finite dimensional space RN . It shows that the workload of Algorithm 2.5 is much
more than that of our algorithms.

3. MAIN RESULTS

In this section, we study Algorithms 2.2 and we will show that our explicit algorithms work
well with strong convergence.

Lemma 3.1. If A is maximal monotone, J4 is the resolvent operator defined in Definition 3.1,
and T is relazed (y,r)-cocoercive and u-Lipschitzian continuous, then for any wi,ws € K, for
all p > 0,

[Jalw1 — pT'wi] — Ja[we — pTwsl|| < Op|lwy — w2l|,
where O = /1 —2p(r — yu2) + p?u? € (0,1).

Proof. Since T is relaxed (7, r)-cocoercive and p-Lipschitzian continuous, then from (4), we
obtain

| Ta[wr = pTwi] = Jalws — pTws]||?

< |lfwi = pTwi] = [wz — pTws]|?

= |[(w1 = w2) = p(Twi — Twy)||?

= |jwy —ws|]? = 2p(Tw1 — Twy, w1 — wy) + p?||Twy — Twol|?

< lwr = wal? = 2p[=A[|Twi — Twa|* + r||wr — wal[*] + p?||Twi — Tws|[?
= (1=2pr)[Jwr —ws|[* + 2py + p?)||Twr — Tws|f?

< (1= 2pr)|lwr — wa|* + (2p + p*)ps? w1 — wo|?

= 07||wy — wol [,
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from which, we have
[ Jalwy = pT'wn] = Ja[wapTws]l| < Opwi —wal,
the required result. O

We now investigate the strong convergence of Algorithm 2.2 and this is the main motivation
of our next result.

Theorem 3.1. Let (z*,y*) be the solution of (1). Let A,B : H — H be mazximal monotone,
and let Ty : H — H be relaxed (1, r1)-cocoercive and u-Lipschitzian continuous, To : H — H
be relazed (vo2,72)-cocoercive and pg-Lipschitzian continuous, g : H — H be relaxed (y3,r3)-
cocoercive and ps-Lipschitzian continuous, and h : H — H be relazed (74, 74)-cocoercive and pu4-
Lipschitzian continuous. Then for arbitrary chosen initial points xq,yo € H, x,, and y, obtained
from Algorithm 2.2 converge strongly to x* and y* respectively if the following conditions are
satisfied:

ri—mpd, V= pd)? — a2 — k= ko) (R + ka)
lp— | < 3 ; 9)
23] 1241
1>yt 4 i/ (2 — ky — ko) (k1 + k), (10)
ro — 213,/ (ra — vop3)? — 13(2 — ki — ko) (k1 + ko)
’77 - 2 | < 2 ) (11)
M Ha
ro > You3 + pi2/ (2 — k1 — k) (k1 + ka), (12)
0y = k1 = /1~ 2(rs — yad) + 43 < 1, (13)
O = ko = \/1 — 2(7‘4 — 74#121) + Mi <1, (14)
Or, = \/1 = 2p(r1 — m1p3) + P24, (15)
Or, = \/1 = 2n(ra — y2u3) + 1% (16)
0 = Hg+6h+0T1, (17)
0y = 99+9h+0T2, (18)
0<6y <infa, <1, aye€(0,1]. (19)

Proof. Let *,y* be the solution of (1).
Since g : H — H is relaxed (v3,r3)-cocoercive and pus-Lipschitzian continuous, by setting
W1 = Yp, we = y* and p = 1, then by Lemma 3.1, we obtain

(wn = 4") = (9(yn) = g DI < Ogllyn — "1, (20)
where 6, is defined by (13). Similarly,
(zn —27) = (9(2n) — g(@")I| < Oy[lzn — =], (21)

Since h : H — H is relaxed (74, r4)-cocoercive and pg4-Lipschitzian continuous, by setting
w1 = Ty, we =z and p = 1, then by Lemma 3.1, we obtain

(zn —2%) = ((zn) — R(z")] < Oplzn — 7], (22)
where 0y, is defined by (14). Similarly,

(yn —y") = (h(yn) = RGN < Onllyn — y*|I- (23)
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Since T : H — H is relaxed (v1,71)-cocoercive and pu-Lipschitzian continuous, by setting
W1 = Yp, we = y*, then by Lemma 3.1, we have

(yn —y") = p(T1(yn) — Ta(y )| < Oz [lyn — 7], (24)
where 07, is defined by (15).
Since Ty : H — H is relaxed (72,72)-cocoercive and puo-Lipschitzian continuous, by setting
w1 = Ty, we =z and p = 7, then by Lemma 3.1, we have
(zn —2%) = n(To(zn) — To(z%))|| < O, ||zn — 27, (25)
where 07, is defined by (16).
Consequently by Algorithm 2.2, it follows from (6), g1 = g and hy = h that
onsr =27
= (|1 = an)zn + an(zn — g(zn)) + andalg(yn) — pT1(yn)]
—[(1 = an)z™ + an(z” — g(z%)) + anJalg(y™) — pT1(y")]l|

< (1 =an)llzn — 2%+ anl[(zn — 27) = (9(20) — g(z"))]|
+an|[Jalg(yn) — pT1(yn)] — Jalg(y™) — pT1(y")]||
< (1= an)llzn — 2| + anll(zn — 2%) = (9(zn) — g(2"))]|
+anl|[g(yn) — pT1(yn)] — [9(y") — pT1(y )|
< (1= an)llzn — 2| + anll(zn — 2%) = (9(zn) — g(2"))]|
+anl[(yn —y") = (9(yn) — 9D + anll(yn — y*) — p(T1(yn) — T1(y"))||
< (= an)llzn — 2| + anbygllzn — 27| + anbgllyn — ¥*|| + anbrllyn — y*[l,  (26)

where (26) is from (20),(21),(24). Meanwhile,

[Yn+1 — ¥
[y — h(yn) + Ip[M(zn) — nT2(20)]
—[y* = h(y*) + Jplh(z") — nTa(z")]|]

= llyn = y*) = (hlyn) = Ry )] + (Jlh(zn) = nT2(xn)] = Jph(z") = nTa(z"))]]
< lyn = y") = (Blyn) = R+ [[IB[A(2n) = nT2(2n)] = Jp[h(x7) — nTa(z7)]|
< yn = ") = (Wyn) = YD + [[[A(zn) = nTa(2n)] = [A(2") = nTa(z")]||
< (yn = %) = (hlyn) = h(y"))]
H(@n = 2%) = (h(zn) = h(@")I| + (|0 — %) = n(Ta(zn) — Ta(z"))]]
< Onllyn = 47l + Onllen — 27| + O, [|2n — 27|, (27)

where (27) is from (22),(23),(25).
Therefore, it follows from (26) and (27) that
znt =2+ [lyn+1 — 7]
(1= an)llzn — ™[] + anby||zn — 27[] + anbyllyn — y7[| + canbr [[yn — y7|l]
+Onllyn — ¥l + Onllen — 27| + O, [|2n — 27]]]
= [(1—on)+anly+ 0y + 01, ||zn — 2| + [0nby + anbr, +61] - ||lyn — 3™, (28)

IN

Since 61 = 04+ 0, +07,, 02 =04+ 6;+0r,, then by the conditions (9)-(16), it is easy to check
that 0 < 61 <1and 0 <6y <1.
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Since from the condition (19), 0 < 62 < infa, < 1, then there must exist a sufficiently
small positive constant a > 0 such that 0 < 6 +a < «, < 1 for all n > 0. Note that
0y =0y + 0y + 01, € (0,1), and o, € (0, 1], thus in (28),

(1 —apn) +anlly + 0 + 01, <
< (I—ap)+6<(1—-a)<l.

On the other hand, it follows from «,, € (0, 1] that
anly +anlr, + 0y, <05+ 07, +0), =01 < 1.
Set @ = max{(1 —a),61}. Thus 0 < 6 < 1. Therefore, it follows from (28) that

znt1 — || + llynt1 — ¥¥||] <
< Ofllzn — 2| + [lyn — y*[l]-

Hence, we conclude that

lim ||z, — 2*|[ + |[yn — y"[|] = 0,
n—oo
and
lim ||z, —2*|| = lim ||y, —y*[|]] = 0.
n—oo n—oo

O
If a, =1 for all n > 0, then we have the following result as a special case of Theorem 4.1.

Theorem 3.2. Let (z*,y*) be the solution of (1). Let A,B : H — H be mazimal monotone,
and let Ty : H — H be relaxed (1, r1)-cocoercive and u-Lipschitzian continuous, Ty : H — H
be relazed (v2,72)-cocoercive and pa-Lipschitzian continuous, g : H — H be relaxed (vy3,r3)-
cocoercive and ps-Lipschitzian continuous, and h : H — H be relaxed (vy4,74)-cocoercive and
pa-Lipschitzian continuous. Then for arbitrary chosen initial points xo,yo € H, xn and yn
obtained from Algorithm 2.4 converge strongly to x* and y* respectively if the conditions (9)-
(18) are satisfied.

Proof. Observe that a,, = 1 for all n > 0 and #2 < 1. This implies that the condition (19)
is satisfied because 65 < 1 = a,,. Hence, the desired result can be obtained by Theorem 3.1.
Indeed, since o, =1 for all n > 0, then from (28),
Hznr = 27| + [yt — y7l] <

< (V=) + anlbly + 0n + 01,] - [[2n — 27| + [anby + anbr; + On] - |lyn — ¥ =

= [0y +0n + 0] - [[2n — 27[[ + [0g + 01, + On] - [[yn — 7]
Observe that 01 = 04+ 0, + 07, < 1 and 6 = 0,4 + 0}, + 01, < 1 by the conditions (9)-(16). Set
0 = max{01, 02}, then it is clear that 6 € (0,1). Therefore,

Hzner = 27|+ llyntr = y7I1 < O - [llzn — 27| + llyn — y7l1],

which hence implies that

lim [[|zn, — 2*|[ + |[yn — ¥*[|] = O,
n—oo
and
lim ||z, —2%(| = lim |jy, —y"|[] = 0.
n—oo n—oo
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